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BARTLOMIEJ DYDA AND MORITZ KASSMANN 



Abstract. The aim of this work is to study comparability of nonlocal Dirichlet 
forms. We provide sufficient conditions on the kernel for local and global com- 
parability. As an application we prove a-priori estimates in Holder spaces for 
solutions to integrodifferential equations. These solutions are defined with the 
help of symmetric nonlocal Dirichlet forms. 



1. Introduction 

If, for every x G R d , A(x) is a positive definite matrix which is uniformly bounded, 
then for every ball Bcl d and every function u G C^°(B) 

(1) J (Vu(x),A(x)Vu(x)) dx x j\Vu{x)\ 2 dx. 

B B 

This property is crucial for many questions related to partial differential operators 
of second order in divergence form and to diffusion processes generated by local 
Dirichlet forms. The aim of the present work is to study similar properties for 
symmetric nonlocal Dirichlet forms. 

Fix a G (0,2). Let JC denote a family of kernels k a : R d x R d — > [0, oo) which 
depend on indices a G (ckq, 2). We consider the corresponding bilinear forms 

(u(y) - u(x)) (v(y) - v{x))k a {x, y) dydx, u, v G C™(R d ) . 

We study the question, under which additional assumptions on the kernels k a G K, 
local comparability holds, i.e. for every kernel k a G /C, small ball B and every 
function u G C c °°(-B) 

(A) JJ (u(y)-u(x)) 2 k a (x,y)dydx-(2-a) jj ~T^a~ d V dx ■ 

BB BB 

This relation means that the ratio of the two quantities is bounded from below and 
above by two uniform positive constants which do not depend on k a G /C. 
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Note that this problem is interesting and unsettled even if all kernels k a correspond 
to one fixed index a G (0, 2). The case a = 2 corresponds to (pQ). 

For a G (0,2) set A d ,- a = 2 i-°?^°i-a/2) • Note that Ad,-* x a ( 2 ~ a ) for a11 
a G (0, 2). Fix a G (0, 2) and c > 0. A standard example where relation (jXJ) holds 
true is given by the family K = {k Q \a G (a , 2)} where k a is any kernel satisfying 

(2) cA d ,- a \x - y\- d ~ a < k a (x, y) < C - l A d ,- a \x - y\- d - a 

for almost every x, y G R d . 

In this work we give sufficient conditions which are more general than ([2]). It is 
easy to see that (J2J) is not necessary for ([All . Define /C = G (ao,2)} with 

k a (x,y) = l/)(l{|ai|<o.i|v|} + l{|2/|<o.i|x|}) where fc a is any kernel ^satisfying ©, 
then the kernels k a do not satisfy (j2J) but (jAj) is still satisfied for all k a a K,. 

One application of our investigation are local Poincare- and Sobolev-inequalities, see 
(121 E]. Those inequalities together with a class of appropriate cutoff-functions lead 
to regularity estimates for symmetric nonlocal Dirichlet forms. We assume that, 
for some constant c > 0, and every R, p G (0,1) there is a nonnegative function 
r G C°°(R d ) with supp(r) = Br +p , t(x) = 1 on Br, and for every k 

(B) sup (r(y) - r(x)) 2 k(x,y)dy < cp~ a . 

x£R d J 

n d 

Note that for a = 2 Assumption ([B]) asks for the existence of a cut-off function r 
with sup |Vt| 2 (x) < cp~ 2 . Such r obviously exists. 

We are able to establish conditions (A) and (B) under quite mild assumptions. Let 
us always assume k(x, y) = k(y, x) which is not a restriction since our bilinear forms 
are symmetric. Without mentioning it we always assume that for almost every 
x, y G R d 

(K) L{x-y)<k{x,y)<U{x-y), 

for some functions L, U : R d — > [0, oo) satisfying L(x) = L(—x), U(x) = U(—x) for 
almost every x G R d , L ^ on a set of positive measure, and 



(U0) / (\z\ A l)U(z) dz <Cq < oo. 

Our main assumptions are the following: 
(Ul) There exists C\ > such that for every r G (0, 1) 

(3) f \z\ 2 U(z) dz < dr 2 ~ a . 

J B(0,r) 

(LI) There exist a > 1 and Gi, C3 such that every annulus B a -n+i \ B a -n (n 
0, 1, . . .) contains a ball B n with radius C2a~ n , such that 

(4) L(z)>C 3 (2-a)\z\- d - a , z G B n . 
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Then we can prove the following result: 

Theorem 1. Assume the function k : R d x R d — y [0, oo) satisfies (U0), (Ul) and 
(LI). Then conditions (A) and (B) are satisfied. If the constants C , C x , C 2 , C 3 
appearing in (U0), (Ul), (LI) are independent of a & (« ,2) (a > 0), then so are 
the constants in (A) and (B). 

Let us explain applications of this result. By H aj,2 (R d ) we denote the usual Sobolev 
space of fractional order a/2 G (0, 1), see (jSJ). If C R d is open and bounded, then 
H a ' 2 {Vt) is the space of measurable functions / : O — > R which can be represented as 
restrictions of H a / 2 (R d ) to Q. H*J c 2 (tt) denotes the space of all measurable functions 
/ : Q -»• R such that <\>f G H a ' 2 {ti) for every G C c °°(fi). 

Conditions (A) and (B) allow us to apply several techniques which were developed 
for partial differential operators of second order or local Dirichlet forms respectively. 
The following weak Harnack inequality holds true for supersolutions, see [TQl E] . 

Theorem 2. Assume (A) and (B) hold true. Let ocq G (0,2). There are positive 
reals po, c such that for every a G (ato, 2) and u G L°°(R d ) fl H^[B\) with u > in 
Bi satisfying £(u, 0) > for every nonnegative <fi G C%°(Bi) the following inequality 
holds: 

C inf„>(/,( ir <-c S »p f „- W *(,,,)«fa. 

By 2 E d \Si 

T/ie constants po,c depend only on d,ao and on the constants arising in (A) and 
(B). 



Throughout this article the abbreviation 'sup' shall denote the essential supremum 
and 'inf ' the essential infimum. It is possible to combine Theorem [2] and Theorem 
[H in order to obtain regularity estimates. In order to focus on the main issues we 
formulate a simple assumption on k for large values of \x — y\. We assume that there 
is 7 G (0, a) such that 

(U2) lim sup W I U{z)dz<l. 

R— >oo J 

\z\>R 



Using conditions (LI), (U0), (Ul) and (U2) the following nonlocal version of De- 
Giorgi's regularity result can be established [9]. 

Theorem 3. Assume (LI), (U0), (Ul) and (U2) hold true. Then there exist c > 0, 
/3 G (0,1) such that for every x G R n , u G L°°(R d ) fl H$?(B x (x Q )) satisfying 
S(u,(f>) = for every (f> G C%°(Bi(xo)) the following Holder estimates holds for 
almost every x,y G B\/i(xq): 

(5) \u(x) - u(y)\ < cWuW^x - yf . 

If the constants appearing in (LI), (U0), (Ul) and (U2) are independent of a G 
(a ,2) ; where a > 0, then so are the constants c and (3. 
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Theorem [3J is proved in resp. follows from the works [TTl [21 El E] if one allows the 
constant c in © to depend on a G (0, 2) with c(a) — > +oo for a — > 2 and if one 
imposes a stronger isotropic condition of the form 

Vzefli(O): > C 3 |z|- d - Q . 

Techniques which are robust as a — > 2 are developed for equations in non-divergence 
form in [1] . 

The paper is organized as follows. In Section [2] we introduce some notation used in 
sequel and prove Theorem [H breaking its proof into three parts, namely Proposi- 
tions El 151 and [TTl We also provide an example of a kernel satisfying (A) and (B), 
but not (LI), see Example 1T21 In Section [3] we provide the main ideas of how to 
prove Theorem [3J 

2. Properties of the bilinear form 

In this section we prove Theorem [TJ The proof consists of several propositions and 
lemmata. At the end of the section we construct an example of a kernel satisfying 
(A) and (B), but not (LI). 

Let us fix a G (0, 2) and consider the following quadratic forms 

(6) £ k D {u,u)= [ [ (u(y)-u(x)) 2 k(x,y)dxdy, u£L 2 (D), 

JdJ d 

(7) ££(u,u) = a(2-a) / / (u(y) - u(x)) 2 \x - y\~ d ~ a dx dy, u £ L 2 (D), 

JdJd 

where D C R. d is some open set. Furthermore, we define Sobolev norm 

(8) \\u\\ Ha/2{Rd) = \\u\\ L 2 {Rd) + £n(u, u) l/2 . 

By B(x, r) = {z G R d : \x — z\ < r} we denote the Euclidean ball with center x and 
radius < r < oo, and we use an abbreviation B r = 5(0, r). By = {x 6 R : 
|x| = 1} we denote the unit sphere. 

We define Fourier transform as an isometry of L 2 (R d ) determined by 
= (2n)- d/2 [ u(x)e-^ x dx, u G L 1 (R d ) fl L 2 (R d ). 

The following lemma contains a useful equivalent formulation of condition (Ul). 
Lemma 4. Condition (Ul) is equivalent to the following one: 

(UP) There exists C4 > such that for every r G (0, 1) 

(9) f (r 2 A \z\ 2 ) U{z) dz < C A r 2 - a . 

If the constants Co and C\ are independent of a £ (oto, 2), where cto > 0, then so is 
the constant C 4 , and vice versa. 
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Proof. Implication (Ul') =>■ (Ul) is obvious, we may take C = C\ := C 4 . We 
assume now (Ul) and we fix < r < 1. We consider n = 0,1,2,... such that 
2 n+1 r < 1 (the set of such n's is empty if r > |). We have by (Ul) 

f U{z) dz < 2~ 2n r~ 2 [ \z\ 2 U{z) dz 

J 2 n r<\z\<2 n + 1 r J 2 n r<\z\<2 n + 1 r 

< 2~ 2n r~ 2 Ci 2( n+1 ^ 2_a V 2_Q = 2~ na 2 2 ~ a C\r~ a 
After summing over all such n we obtain 

\ U(z) dz < r -^r-« 

Jr<\z\<l/2 1 z 

Finally 

/" U{z)dz<4:( {\z\ 2 M)U{z)dz <AC <AC Q r- a . 

Jl/2<\z\ J~R d 

Combining the two inequalities above and (Ul) we get (Ul') with C 4 = ( il 2 - a 
l)C7i + 4C . □ 



In next two propositions we prove the easier part of Theorem [TJ 

Proposition 5. Condition (Ul) implies (B). If the constants Cq and C\ are inde- 
pendent of a G (a ,2), where a > 0, then so is the constant in (B). 



Proof. Let r G C°°(R d ) be a function satisfying supp(r) = -Br+ p , t = 1 on 
< t < 1 on R d and |t(x) — < 2p _1 |x — y| for all x, y G R d . In particular, 
we have then \t(x) — r(y)\ < (2p^ 1 \x — y\) A 1. For every x G R d we estimate, using 
Lemma H] 

f (r(x)-T(y)) 2 k(x,y)dy< [ ((4p _2 |x — y\ 2 ) /\l)U{x — y) dy 

= Ap- 2 [ (\z\ 2 A^)U(z)dz 

< 2 a C iP ~ a . □ 



In the proof of the next proposition we will need the following fact [8 J . Its elementary 
proof may be found in [6] , however one has to go through it and see that the constants 
do not depend on a, provided one has the factor a (2 — a) in front of the Gagliardo 
norm ©, ©. 

Fact 6. Let D C R d be a bounded Lipschitz domain, and let < a < 2. Then 
there exists a constant c = c(d,D) (independent of a) and an extension operator 
E : H a l 2 (D) ->■ H a / 2 (R d ) with norm \\E\\ < c. 



Furthermore, we will need the following Poincare inequality [14J . 
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Fact 7. Let D C R d be a bounded Lipschitz domain, and let < ao < a < 2. Then 
there exists a constant c = c(d, a , D) such that 

(10) \\u-^-^udx\\l HD) <ce%(u,u), ueH a /\D). 

Now we are ready to formulate and prove the following comparability result. 

Proposition 8. Assume (U0), (Ul) and let < a < a < 2. If D C R d is a 

bounded Lipschitz domain, then there exists a constant c = c(ao, d, C\, Co, D) such 
that 

(11) £ k D {u, u) < c£™{u, u), ue H a/2 {D). 

The constant c may be chosen such that /[Jl\) holds for all balls D = B r of radius 
r < 1, and for all a G (a , 2) . 

Proof. By E we denote the extension operator from H a l 2 (D) to H a ^ 2 (H d ), see Fact El 
By subtracting a constant, we may and do assume that J D udx = 0. We have by 
Plancherel formula and Fubini theorem 

(12) £ k D (u,u)< [ f (u(y + z)-u{y)) 2 U{z)dzdy 

JdJ D-y 

< (Eu(y + z) - Eu(y)) 2 U{z)dzdy 

J DJ B(0,diamD) 

< / / (Eu(y + z)-Eu(y)) 2 dyU(z)dz 
\ e ** - l\ 2 U(z)dz) \Eu(£)\ 2 d£ 



R d \J B(0,diam£)) 



(13) =[ ([ ^m 2 (^PjU(z)dz)\Eu(0\ 2 dC 

JU d \J B(0,diamD) \ Z / J 

For |£| > 2 we obtain, using (Ul') 

(14) J 4 sin 2 U(z) dz < |£| 2 |(|z| 2 A M^ 2 )U(z) dz < 4<7 4 |£|< 
and for |f | < 2 

j 4 sin 2 (^f) U{z) dz<A J ( ^ 2 A 1^ U(z) dz < 4C . 



Thus 

s k D (u,u)<d f (ier+i)i^(oi 2 ^ 

< c\\Eu\\ Ha/2 ^ < c\\u\\ Ha/2 ^ 
(15) =c(£Uu,u) + \\u\\ 2 L2{D) ) 

with c = c(d, C 4 , C , D). Since J D udx = 0, we have by Fact [7] 

£p(u,u) > c(oto,d,D) / u 2 (x)dx. 

Jd 
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and this together with (|T5|) proves ffTTl) . 

By scaling, the last assertion of the Theorem is satisfied with a constant c = 
c(a ,d, l7 4 ,l7 ,5i). □ 

The proof of the remaining part of Theorem [H i.e. the inequality '>' in (A) under 
the assumption (LI), is more difficult. We will need the following two technical 
lemmata. 

Lemma 9. Let < cto < a < 2. We let r] E (0, 1) and for a ball B = B(x,r) we 
denote B* = B(x,r/i]). Suppose that for some c k , r > and allO < r < r we have 

£jg,(u,u) > c k £%(u,u), 

for every function u and every ball B of radius rjr. Then there exists a constant 
c = c(d, ao, ff), such that for every ball B of radius r < ro and every function u 

£g(u,u) > cc k £%(u,u). 



Proof. Fix some < r < r and a ball D of radius r. We take B to be a family of 
balls with the following properties. 

(i) For some c = c(d) and any x,y E D, if \x — y\ < cdist(x, D c ), then there 
exists B e B such that x,y E B. 

(ii) For every B E B, B* C D. 

(iii) Family {B*} B( zq has the finite overlapping property, that is, each point of D 
belongs to at most M = M(d) balls B*, where B E B. 

Such a family B may be constructed by considering Whitney decomposition of D 
into cubes and then covering each Whitney cube by an appropriate family of balls. 

We have 

£d( u , u ) > Jl2^2 I I ( u ( x "> ~ u(y)) 2 k(x-y)dydx 

^ w* {2 - a) £ fs u ( x) - u{y))2 \ x - y \~ d ~ a dydx 

BeB 



BJ B 




(16) >_5*(2-a)/ / (u(x)-u(y)) 2 \x-y\- d - a dydx. 

M J DJ\x-y\<cdist(x,D c ) 

By [3, Proposition 5 and proof of Theorem 1], we may estimate 

(u(x) — u(y)) 2 \x — y\~ d ~ a dydx 

DJ |x-y|<cdist(a;,D c ) 

(17) >c{a,d) (u{x) -u(y)) 2 \x-y\- d - a dydx, 

J DJ D 

with some constant c(a,d). We note that in [TJ proof of Theorem 1] the constant 
depends on the domain in question, but in our case, by scaling, we can take the 
same constant independent of the choice of the ball D. One may also check that 
c(a,d) stays bounded when a E (a ,2). By (JT6"|) and (IT7|) the lemma follows. □ 
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Lemma 10. If q £ L 1 (R a! ) is a nonnegative function with suppg C B p , then for all 
R > and functions u 

E™(u,u)<q q \\ L i£« B (u,u). 



Proof. We have 



£ Br ( u , u ) = / / (u(x)-u(y)) 2 q(x-z)q(z-y)dzdydx 

J B R J B R J B R+p 

<2[ [ [ ({u{x)-u{z)Y + {u{z)-u{y)f 
J B R J b r J b r+p v 

x q{x — z)q(z — y) dz dy dx 
<4 / / (u(x) — u(z)) 2 q(x — z) dz dx I q(y) dy 

J B R J B R+p J 

< 4||g||^« (u,u). □ 



We are now ready to finish the proof of Theorem [U 

Proposition 11. Assume that L satisfies (LI), and let0<a <a<2. Then there 
exists a constant c = c(d, a , C 2 , C 3 , a), such that for all < r < 1 

^B r («,«) < c£| r (w,w) 

Proof. Let 

q n (z) = (L(z) AC 3 (2 - a^zl-^tB^XB^- 
Using estimate (a a — l)/a < (a 2 — l)/2 it is easy to see that 

Iknllxi <c(d,C 3 ,a)(2-a)a na . 

Let B n C B a -n \ B a -n-i be a ball like in the assumption (LI), that is, having radius 
Ci&~ n and such that 

L(z) > C 3 (2 - a)\z\- d - a > C 3 (2 - a)a {n+1){d+a \ z e B n U -B n . 

We obtain 

q n * q n {z) > Cl(2 - a)V^ +1 ^ l B „u-B n * t Bn u-B n {z) 
> (2 - a) 2 c(rf,L7 2 ,L7 3 ,a)a" d+2 " a Ib^J^). 
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Figure 1. Support of the kernel k from Example [12] (with b = 1/2) 
consists of four thorns. Also sets Pq and Pi (see f l2"U]) ) are shown: four 
larger squares constitute set P , and four smaller - set Pi. 



We fix < r < 1. Let n Q be the smallest natural number such that a n ° < r/2. 

■\oo 

sn=no 



From inequality L > Y^= n In and Lemma [TU1 we obtain 



n=no n=no 

> c(d,C 2 ,C 3 ,a)(2-a) 

OO „ „ 

E / / Hx)-u(y)) 2 a^ d+a H Bc2a _(x-y)dydx 



oo 

X 

n=n 17 a r/2 J tir/2 

>c'(d,C 2 ,C 3 ,a)(2-a) [ f {u \ x) ' dy dx 



Bc 2 r/(4a) J Bc 2 r/(4a) '' 



= c'(d, a , C 2 , C 3 , a)£% C2r/(ia) {u, u). 
The proof is finished by applying Lemma [9j □ 



Let us show that (LI) is not necessary for (A) and (B) to hold. The reason is 
that (A) uses only integrated quantities but not pointwise estimates on k. However, 
Assumption (LI) is weak and useful at the same time. 
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Example 12. Let b G (0, 1) and 

T = {(x ls x 2 ) G R 2 : |x 2 | > \ Xl \ b or N > |a; 2 | b }. 
We consider the following function 

(18) k{z) = (2 - a)t rnBl {z)\z\- 2 ^ , z G R 2 , 

where (3 = a — 1 + 1/6, see Figure [U We will show that for such a function k 
conditions (A) and (B) are satisfied. 

We have, for < r < 1 

\z\ 2 k(z)dz < 8(2 -a) / / (x 2 + y 2 )~ p/2 dy dx 



(19) <8(2-a) / / x~ li dydx = 8r 



o jo 

r /-re 1 / 6 

/3 J„. J„ _ o r 2-a 




./0 



hence k satisfies (Ul) with C\ = 8. For n — 0, 1, 2, . . ., we consider the set 

K ={(xi,x 2 ) : 2^ 2 < |zi| < 2-™" 1 and |x 2 | < 2- 2 -( n+2 ^} 

U {(x 1 ,x 2 ) : 2- n - 2 < \x 2 \ < 2-"- 1 and |x x | < 2- 2 -(™ +2 )/ b }. 
We have E n cT. Let 

q n (z) = 2^ +2 h En (z) 

and 

(20) P n = {(x u x 2 ) : V™- 2 < \ Xl \, \x 2 \ < 7 -2- n - 2 }. 

If (xi, x 2 ) G P„, then 

/ 2 _2-(„+2)/6 
. 2 -2-(n+2)/6 J{|2 2 _ 2 ,. 2 |< 2 -2-(n+2)/6} 

_ 2 2ri (/ 3 + 2 ) ^2~ 1- ( n + 2 )/ 6 ) 2 — 2~ 2 ~ 4 / 6 2 n ( 2a+2 * > 

We fix R G (0, 1) and take the smallest natural number no for which 2~ n ° < R/2. 
Since H^Hl 1 = 2 nQ-1 ~ 2 / 6 < 2 nQ_2 , from Lemma [TU] we obtain 



(22) (2 - a) J2 2- na S^(u,u) < (2 - a) £ < 

n=no n=no 

On the other hand, by ( 12TI) 

00 00 
(2 - a) £ 2 ~ na <ln * Qn(z) > (2 - a)2- 2 " 4 / 6 £ 2^ +2 )l P „(^) =: f(z). 

n=no n=no 

We note that each set P n fl B 2 -n \ B 2 - n -i contains a ball B n+ i of radius c2 _n_1 , 
where c is some universal constant. Furthermore, on this ball B n+ \ we have 

f(z) = (2 - a ) 2 - 2 - 4 / b 2"'( a+2) > (2 - a)2 Q - 4/6 |^|- (Q+2) > (2 - a)2- i/b \z\- ia+2 \ 
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provided n > n . Consequently, / satisfies (LI) with a = 2 and n > n + 1, or, 
equivalently, a rescaled function x !->■ f(2~ n °~ 1 x) satisfies (LI) with a = 2. Since 
R/8 < 2~ n °~ 1 , we deduce from Proposition [TT] 

oo 

E% R/8 (u,u) < cS f BR/s (u,u) < 2^' b c 2- na £^(u,u). 

n=no 

From this, f[2"2l and Lemma ED we deduce that 

S% R (u,u) < c£ k BR {u,u). 

The reverse inequality follows from Proposition [HJ hence (A) is satisfied. Also (B) 
is satisfied by Proposition [5l 



3. Regularity estimates 



In this section we provide the proof of Theorem [31 The main idea of the proof is to 
extend a result of [10J. 

Lemma 13. Assume Xq G R d . For r G (0, 1) and x G B r / 2 (xo) let z/f be a measure 
on R d \ B r (xo) satisfying 

(23) hmsup(?7 r j) 1//j '< 1, where r\ r j :— sup v^{K d \ B 23r (x )) < oo . 

j^oo x&B r/2 (x ) 

Assume that for some c\ > 1, p > 0, every r G (0,1) and every u G L°°(R d ) fl 
H"J C 2 (B r (xo)) satisfying S(u, <fi) = /or every G C%°(B r (xo)) and u > in B r (x ), 
the weak Harnack inequality 

(24) ( -f u(x) p dx) ^ < ci inf it + ci sup / u~(z)v*(dz) . 

^ J ' xeB r/4 {x ) x£B r/2 (x ) J 

B r/2 (x ) R<* 

holds true. Then there exist (3 G (0, 1), c > such that for every r G (0, 1) and every 
u G L°°(R d ) n H?J c 2 {B r (x )) satisfying S{u,<f>) = for every G C™{B r (x )) and 
every p G (0,r/2) the following regularity estimate holds: 

(25) sup \u(x) - u(y)\ < c||it|| 00 (p/r) /3 . 

x,y£B p (x ) 

If c\, p and the limes superior in (TJ3J) are independent of xq or a, then so is c. 

Remark 1. Instead of (1241) one may assume the strong Harnack inequality 

(26) sup u < C\ inf u + C\ sup / u~(z)vf(dz) . 

xeB r/i {x ) xeB r/4 (x ) x€B r/2 {x ) J 

One only needs to change the constant c 2 in the proof of the lemma. 



Proof. The idea is to adopt the methods of [13] to the nonlocal situation, see also 

P2]. Fix x G R d . Let c x > be the constant in (J2U). Let 9 = 4. Set c 2 = c x Q ilvt 2hr 
and k = (c 2 )~ 1 /2. Let (3 G (0, Lr^^-)/ ln(6 1 )) be another constant to be fixed later. 
Note that (1 - § ) < 6~ p . 
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Let r > and u G L°°(R d ) n H^ 2 (B r (x )) satisfy £(u,<f>) = for every G 
C^°(S r (x )). We can assume m(x ) = which can be obtained by adding a constant 
if needed. Let us write B r instead of B t {xq) for r > 0. 



We will construct an increasing sequence (m n ) and a decreasing sequence (M n 
satisfying for every n G Z 

m n < < M n for almost all x G B r g- n , 



where if = M — m G [0, 211^1100] . Set M = llullooj m o — inf and M_ n = M , 

m_ n = mo for every n G IN. Assume there is k G IN and there are M n , m n such that 
(1771) holds for n < A; — 1. We need to choose m fc , M fc such that f[2"Tj) holds for n = k. 

For x G R d set 

M fc _ 1 + m fc _^2 g( fc - 1 ^ 



f X = MX 



The definition of v implies \v(x)\ < 1 for almost every x G B rd -( k -i) and £(v, 0) = 
for every G C^°(B r ). 

We now derive a pointwise estimate of the function v on H d \B rd -( k -i). Given y G R d 
with | y — Xo| > rO^^ 1 ^ there is j G IN such that 

r 0- k+j < \y-x \ < r0- k+j+1 . 

For such y and j we conclude 

K ( M fc _i + m fc _i 
^z^) = 

, /„, M fe _i + m fc _ 

< I M fc _ 3 -_i - m & _j_i + m k -j-i 



2 

J-l o 



i.e. ,(</)< 20^-1 <2(^J|^| y ) /3 -l. 

Analogously, 

«(„)>! -20* > 1-2(^-1^^ 
Now there are two cases: 



2 I -"-^ry fe I 



Case 1: \{x G 5 re -* : v(:r) < 0}| > \\B, 
Case 2: |{x G 5^-* : > 0}) > \\B rd -k 



We work out details for Case 1 and comment afterwards on Case 2. In Case 1 our 
aim is to show v(x) < 1 — k for almost every x G B r6 -k. Because then for almost 
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every x G B rd -k 

u{x ) < M *-l + ^ + Z^g-V-W 

M fc _! - m fc _! (l- K )A- fl -(fc-l)/3 

(28) -™k-i + g + ^~~ 6 

In this case we set nik = mk-i and Mk = rrik + K9~ hl3 and obtain, using (1281) . 
< u(x) < Mk for almost every x G B r9 -k, what needs to be proved. 

Let us show v(x) < 1 — k for almost every x G B rd -k. Consider w = 1 — v. Then 
£(w,4>) = for every G C^°(S r . e -fc+i) and w > in B re -k+i. We apply ( |24l) and 
obtain 

(29) f -/ w(x) p dx) < ci inf w + ci sup /" w~ (z)is* 6 -k+i (dz) . 

•> J B \re-k+i xeBi k+1 J 

Bl r8 -k+l 1 M, d 

In the situation of Case 1 we obtain 

(30) (l/2) 1/p <( i w{x) p dx^ IP < (§) d/p ( 1 w(x) p d x y /P 



B 



i rS -fc+i 



(31) < Cl (l f p inf W + Cl (l) d/P sup f 

B r8~k x€Bl rf) _ k + 1 J 



w (y)Vr0-ik-i)(dy) ■ 



rO- 



For < R < S let us abbreviate the annulus Bs(xq) \ Br(xq) by Ar^(xo)- Then 
we obtain 

inf w > (c 2 ) _1 - sup / w~(y)u^ $Hh . 1) (dy) 

B re-k x€Bi g _ k+1 J 

1 R d 
oo „ 

> (c 2 ) _1 - ^ sup / l Are _ k+J rg _ k+j+1 (x )(l - v(y))- v x re _ {k _ x) {dy) , 



oo 



>(c 2 )- 1 -^(2^-2)^- (fc - 1)i20 ._ 1) 



oc 



(c 2 )- 1 -2^(^-l)r ? . 



Ve-( fc - 1 ),20'-i) • 



Assumption ( |23l) guarantees ^2 r\ re -{k-\) 2(3-1) < oo if < /3 < /?o and f3o is 
sufficiently small. Choose /3q accordingly. Then there is I G IN with 

oo oo 
j=l+l j=l+l 
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Given I we choose G (0,/3 ) sufficiently small such that 

l 

Thus t«>Kon B Te -k or , equivalently, u < 1 — k on B r6 -k. 

In Case 2 our aim is to show v(x) > —1 + k. This time, set w — 1+v. Following the 
strategy above one sets M k = M k _i and m k = M k — K9~ k/3 leading to the desired 
result. 

Let us show how (1271) proves the assertion of the lemma. Let p G (0,r/2). Choose 
m G 1N with rO^^" 1 ^ < p < r9~ m . Then condition (12?]) implies 



sup \u{x) - u(y)\ < K6- mP = {rQ-^f^K^ < Kd ^(z) ■ 

x,y£B p (xo) 



The assertion of the lemma follows and the proof is complete. □ 
Let us explain the proof of our main application. 

Proof of Theorem^ The proof of Theorem [3] follows from Lemma [TBI if we can show 
that, for every r G (0, 1) and every u G L°° '(¥L d )r\H^ '(B r (xo)) satisfying £(u, <fi) = 
for every <fi G C^(B r (xo)) and u > in B r (xo), the weak Harnack inequality ( EMI) 
holds true with {^) xe B r/2 { X0 ) satisfying ([23]). 

Fix xq G R d . Note that none of the constants below will depend on xq- For r G (0, 1) 
and x G B r / 2 (xo) define a measure on R d \ B r (xo) by 

v*{A) = Ju(y-x)dy{ J U(y - x ) dy)' 1 

A R d \B r (x ) 

for every Borel set y)cR d \ B t (xq). Assumption (U2) implies that there are C\ > 
and Rq > 1 such that for every R > R , r G (0, 1) and x G B r / 2 (x ) 



(32) J U(z -x)dz< Cl iT 7 

K d \B R (x ) 

Because of Assumptions ([K|) and (LI) there is c 2 > with 

(33) ( [ U{z) dz] 1 <( [ L{z) dz) 1 < c 2 C 3 r a . 



U d \B r K d \B r 

Estimates (1321) and (1331) imply: 

3c 3 > 1 Vr G (0, 1) 3 j > 1 Vj > j Q Vx G B r/2 (ar ) : 
v?(R d \ B^ixo)) < c^r)-y r - a < c 3 2"^ . 

Recall that we assume 7 < a in (U2). Condition (|23|) now holds true because of 

V 
3 



2 7 < 1 and C3 — >• 1 for j — >■ 00. 
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Let r G (0,1) and u G L°°(R d ) n H?J C 2 (B r (x )) satisfy £(u,(f>) = for every G 
C^°(S r (x )) and w > in B r (x ). Then Theorem [5] implies 

c 4 inf u>( / ^J-dr^-c. sup r« / «-(,)*(«,,)* 

B r/2 (.xo) U d \B r (x ) 

with some appropriate constant C4 > 0. Here we replaced the radius One by some 
arbitrary radii r G (0, 1). This is possible since (LI), (Ul) and (U2) allow for scaling. 
Finally, we note that, with some C5 > 



sup r a u (z)k(x,z)dz 

xGB r / 2 (.x ) J 

R d \B r (x ) 

<c 5 ( / U(y-x )dy)~ 1 sup / 

J xE.B r / 2 (xo) J 

K d \B r (x ) R d \B r (x ) 



u (z)U(z — x) dz 



where we used Assumption ([K]) and the estimate 

(34) f U(z)dz<r- 2 [ (r 2 A\z\ 2 )U(z)dz <C 4 r~ 



~R d \B r R d \B r 

which follows from LemmaHl Condition (1241) now follows. The proof is complete. □ 

4. Appendix 

In this appendix we provide a global comparability result, i.e. we study compara- 
bility in the whole of R d . 

Proposition 14. If (U0) and (Ul) hold, then there exists a constant c = c(a, d, G\, Co) 
such that 

(35) £*„(u, u) < c(£« d (u, u) + Hulled)), u G L 2 (R d ). 
Furthermore, if is satisfied for all r > ; then 

(36) £* d (u,u)< cS^ d (u,u), ueL 2 (R d ). 

If the constants Co and C\ in (U0) and (Ul) are independent of a G (ato,2), where 
«o > 0, then so are the constants in (1351) and (1361) . 



Proof. By E we denote the identity operator from H a ^ 2 (R d ) to itself. One easily 
checks that the proof of Proposition [8] from ( Till until (1151) works also in the present 
case of D = R d . Hence (1351) follows. 



To prove (1361) we first observe that when ([3D holds for all r > 0, then we may also 
get inequality © in Lemma H] for all r > 0. Consequently, (1141) holds for all r > 0, 
we plug it into (fT3"l) and we are done. □ 



We consider the following condition. 
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(K2,r ) There exists Cq > such that for all h G S d 1 and all < r < r 

(37) [ r 2 sm 2 (—)L(z)dz>c r 2 - a . 

jRd \ r J 

Clearly (LI) implies (K2,r ) for r = 1, and if C\ is independent of a G (a ,2), 
where a > 0, then so is c . Condition (K2,r ) is also satisfied if for all h G S^ 1 
and all < r < r 

(38) / \h- z\ 2 L{z)dz > c 2 r 2 ~ a . 

J B(0,r) 

We note that f[3"9"l) under condition ( |3"B"]) has been proved in [T] by Abels and Husseini. 
The following theorem extends their result by giving a characterisation of functions 
L admitting comparability ( 1391) . We stress that r = oo is allowed, and in such a 
case we put ^ = 0. 

Theorem 15. Let < r < oo. // (K2,r ) holds, then 

(39) < -4<*M + ^tIMIl* , « e C^R*). 

Co 

Conversely, if for some c < oo 

(40) £&(u,u)<c JJ(u(x)~u(y)) 2 L(x-y)dydx+^\\u\\ 2 L2 , ueS(R d ), 
then (K2,Tq) holds. 

Proof. We change the variable x to y + z and use Plancherel formula. Recalling that 
(«(• + z)) A (£) = e^' z u(£) we obtain 



£jjd(w,«)> Jj (u(x) — u(y)) L(x — y) dy dx 

= / (/ |e**-l| 2 L(*)dz) |fi(OI 2 de 

(41) = / (/ 4sin2 i«(0i a de- 

If (K2,r ) holds, then for all |f | > 2/r 

/ 4sin2 {^r) L ^ dz ^^\ a ^ c ^\ a - 

For |£| < 2/r we have |£| a < (2/r ) Q . Inequality f l3"9"j) follows from 

(42) 9 ^'~ a x ^(«,«)= / lerwoi 2 ^- 

2a(2 - a J y R d 
Now we prove the converse. Assume ( 1401) . By ( 14T1) . the right hand side of ( 1401) equals 

yY c y 4 sin 2 (i^L( z )dz+^\ \u(0\ 2 d£, 
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hence by (J42J) and (|40p we obtain that 

(43) c J 4 sin 2 {^f)L{z) dz + ^> for a.e. £ G R d . 

By continuity of the function 

R d \ {0} 3 £ ^ J 4 sin 2 (^pjL(z) dz, 
3D holds for all f e R d . For |f | > 2 1+1 / Q rQ 1 we have by (SHj) 



2 ^-^r/^,^ ier 



c / 4sin^ ^— )L(z)dz > 



2 / v ' ~ 2 

and hence (K2,2 -1//c V ) holds with Co = 2 a ~ 3 c~ 1 . Since 

. i fh- z\ 1 . o fh ■ z 
sin > - sin 



2r / 4 V r 

also (K2,r ) holds with some constant Cq. □ 
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